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Summary: lecture 7

Various methods in MTT
® Performance evaluation using OSPA
® Track to Track fusion

Track Before Detect

Extended Target Tracking (ETT)

® Group Tracking

We will now leave the classical MTT for an alternative set representation.
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Classic Multi-Target Tracking: properties

® State of the art: Multi-hypothesis tracker (MHT)

® Combines several more or less independent components:

m Single target tracking

m Association

m Track logic: track creation, maintenance, deletion
m Outliers
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® No common mathematical formulation for all
components.

Image: Reid (1979

® Separate methods for complexity reduction.

Methodology heavily dominating practical applications.
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Desired Properties

A unified problem formulation:
m A mathematical model covering all aspects of target tracking.
m A single algorithm solving the whole problem.

Avoid the need for ad hoc approximations, e.g., track birth and
death.

Tractability between simplifications of the methods, and
approximations of the mathematical model.

® | ow complexity.

8/60

LINKOPING
II.“ UNIVERSITY

Target Tracking Le 8: RFS tracking G. Hendeby Dec 16, 2025

Tracking Assumptions: revisited

Targets

® The number of targets is unknown and varies over time.
® Independent motion (targets do not influence each other).

® FEach target produces at most one measurement in each scan.

Observations

® Unknown origin.

Independent measurements (independent measurement noise).
® An observation stem from at most one target.

® Measurements can be missed and clutter exist.

9/60
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Mathematical Sets

Definition (Set)

A set is an unordered collection of unique elements. Let a;, for
i=1,...N, be unique elements, then A = {a(V),a® .. . o}
denote a set with these elements.

Properties:
® The same element can only appear once in a set.
® A set can be empty, 0.

® The elements in a set are not ordered.

The carnality,

Al, of a set is the number of elements in the set.

11/60
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Random Finite Set

Definition (Random Finite Set, RFS)

A random finite set X is a random variable that has realizations in the
form X € § where S is the set of all finite subsets of some underlying
space S.

Both the cardinality and the elements themselves are stochastic.
® The cardinality is a discrete positive random variables (RV), with
a probability mass function (PMF), p(|X| = n).
® Each element z(), is a RV, with an underlying PDF,
p(X | 1X] =n) =p({zD, ... 2™ }n).

13/60
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Sets: examples
® Empty set, |A| = 0:
A=0={}
® Sets with one element, |A| = 1
A={1} A={(3)} A={1+4i}
® Sets with two element, |A| = 2:
A={2,1}, A={(}), (5} A={(82). (5}
e Sets with n elements, |A| = n:
{1,...,n}, {13,...,n3}
Note
e {1,2} = {2,1} (the order does not matter).
e {1,1} is not a set, a set cannot contain duplicates elements.
s
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Random Finite Set: properties (1/2)

® |t is possible to compute the probability of a certain realization X, Pr(X).

® The belief mass function has the same purpose as the PDF of normal RSV, but

does not sum to 1 but instead the cardinality of the RFS.

® It is possible to integrate over RFS [ p(X)dX, with “minor” modifications to how

the integral is computed.

® Independent RFS, X;, can be combined to joint RFS X = Ulj\il X® with the
elements of all included RFSs. The resulting distribution can be obtained using

convolution:

N
> Ipxo(x)

+f’:1 X =xj=1

px(X) =
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Random Sets: properties (2/2)
It is possible to define a PDF for the RFS (with a slight abuse of
notation):

p({zM 2@ 2N n) = nlp(a®, 2@, 2)

Definition (Set Integral)

/ p(X)6X = p(0)+ / pla®)dr+ / ({2, 2@}) drVdz®

+ % /])({31;(1)795(2)7 x<3)}) drWdz@gz® + .

15 /60
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Random Finite Set Distributions Poisson Point Process
The Poisson Point Process (PPP) is defined in terms of an intensity

function A(x) over the domain of possible values in the set.
Poisson Point Process PDF

Common distributions: px(X) = e~ H Aa),
® Poisson Point Process (PPP)/Poisson Random Finite Set ~ zeX
® Bernoulli Random Finite Set where A = — [A(x) da.
® Multi-Bernoulli Random Finite Set ® ) is the expected cardinality.
The cardinality is Poisson distributed )
Pr(|X|=n) = %5\”67)‘.

® The mean and variance of the cardinality is .

Given cardinality |X| = n, all elements x; in X have the same
PDF A(z;)/A.

OPING OPING
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Poisson Point Process: example (1/2) Poisson Point Process: example (2/2)
. . . . . . . .
Uniform intensity. k=8 m=3 Gaussian sum intensity. Py e
® Values in |z;| < 5, i € {1,2}. 41 b AMz) = O-4N(5C§ (3), ((1) (1))) &
. . . . L (=2) (205 X
® Intensity function A(z) = 0.013. ) + 09N (z;(23), (%5 %)) 0 dod
. . N i 3 wit) = 0.
e Accumulated intensity: A = 1.3. ’ g - 24
3 * \=04+09=1.3 3
) g g
Counts per frame (N = 200) vs theory 0 A=1.3 3 o g
o i Counts per frame (N = 200) vs theory &
03 - Empirical E 041 Empirical F
z Theoretical PMF g mpirica 3 &
Z 00 A -24 : - Theoretical PMF 2 w? =09 ﬁ
3 5 3 g
° 2 802 S
Q0.1 A 3 o 2
3 & 2
0.0 r T ; ; ™ : 1 g
0 2 4 6 ; : : ; : = 0.0 T T T 7 N
Count per frame -4 -2 o 2 A g' 0 2 4 6 4 A 0 3 2 &
= Count per frame 8
LINKOPING LINKOPING
Ilo“ UNIVERSITY Ilo“ UNIVERSITY



https://www.youtube.com/shorts/HLE_mzGH58s
https://youtube.com/shorts/OiPHO4yaubA

Target Tracking Le 8: RFS tracking G. Hendeby Dec 16, 2025 20 /60
Bernoulli Random Finite Set
The Bernoulli random finite set contains either 0 or 1 element.
Bernoulli Random Finite Set PDF
1—r, if X =0
p(X) = {rpa(2), if X = {z}
0, if | X|>1
® 1 is the existence probability of the element.
® The cardinality is distributed as (1 — 7, ifn =0
Pr(|X|=n)= <, ifn=1
0, ifn>1
® The cardinality variance is typically much lower than for a PPP.
e If r; < 0.1, the distribution is well approximated by a PPP.
Iowiie,
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Multi-Bernoulli Random Finite Set

Several independent Bernoulli RFS variables, X @) (i=1,...,n), can
be combined to a multi-Bernoulli random finite set, X = Ui\; xX@

Multi-Bernoulli Random Finte Set PDF

N
oo Trxox9)

WY, x(h=x7j=1

px(X) =

® The separate components are represented by, 7; and p;(z).
S SRR | NGRS
0;€{0,1},>7; 6;=n
where §; = 1 indicates existence of component 1.

[ ] 5\ = ZZ T(Z)
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Bernoulli Random Finite Set: example
k=0, |x]=0
e r=10.9 o]
— (2 2 0.5
'pw(m)—./\/'(l'7(_2)7(05 1))
* A=0.9 )
>
5
Counts per frame (N = 200) vs theory g
. 01 S
075 - Empirical 3
2 Theoretical PMF e g
3050 Pt ri=0.9 2
8 —2 4 9 / 2
3 / / g
& 0.25 A S o
2
0.00 1= . . : . . 4] g
-0.5 0.0 05 1.0 15 2.0 2
Count per frame ; ; ; =
4 -2 0 2 4 ol
E
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Multi-Bernoulli Random Process: example
e +( =04
(1) 2y (10 0 =
o pM(x) =N (2:(3),(59)) 4
e =09
i Al —
2 _ (—2) (205 : Al=04
o p(2) =N (2:(75), (H %)) : \ ) o
*\=13 ol %
£
4 =
Counts per frame (N = 200) vs theory ¢ -
0.6 - %
Empirical 2N 4
. ) 8
204 - Theoretical PMF . v r<1=0.9 £
=0 / ’ g
Qo ) 4 o
: - z
& 02 A e
s 5
2
0.0 - - - - 3
0 1 2 3 4 -2 0 2 4 &
b

Count per frame
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Target Tracking using Random Finite
Sets
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(1/2)

Target Tracking using Random Finite Sets

Observation space

Measurement set =

__\____;{

State space

P. Bostrdm-Rost.
Sensor Management for Target Tracking Applications.

2021.

Multi-target state set

25 /60
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(2/2)

Target Tracking using Random Finite Sets

Observations

Each scan contains a number of observations without natural ordering. Y; is
well represented by a RFS.

® Each target gives raise to a Bernoulli RFS measurement.

® Clutter is typically a PPP.

Targets

The number of targets is unknown and there is no natural order, represent as
a RFS X;. (Track labels will require some extra care. .. )

26 /60
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® Y, represents set of measurements received in the scan at time ¢.
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RFS Models: observation model

® The measurement model p(Y;| X;) models both measurements
from targets and clutter.

Observation space

Measurement set

'
'
'
( State space
.
'

Target motion

Multi-target state set

Sensor Management for Target Tracking Applications.

P. Bostrém-Rost.
2021

27 /60
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RFS Models: target dynamics (1/2)

® The set of targets X1 encodes both number of targets and their states.

® The dynamic model p(X;4+1|X:) encodes both changes in the number of
targets, and the state of these targets.

Observation space

Measurement set
-

Sensor Management for Target Tracking Applications.

P. Bostrém-Rost.
2021

Multi-target state set
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RFS Models: observation model (2/2)
® Contributions to Y; based on Xj:
m Measurements originating from targets H(X;) = {y:},
Y = h(.??t., et),
for all x; € X, that are detected, assuming probability of
detection Pj.
m Clutter V4, typically Poisson distributed.
® Y, comprise both measurements from targets and clutter,
Y, = H(Xk) U V.
Iowiie,
Target Tracking Le 8: RFS tracking G. Hendeby Dec 16, 2025 30/60

RFS Models: target dynamics (2/2)

® Contributions to X; 1 given previous X;:
m Surviving targets F(X;) = {z+},
oy = f(Tp—1,wi-1),
for all targets x;_1 € X;_1 that survives. Targets survive with
probability Ps.
m Appearing targets W;(X;_1). This is a combination of new targets
spawning from existing targets, and randomly appearing targets.

® The new set X;1 combines both contributions
Xit1 = F(Xy) UW(Xy).

This describes how the RFS X; evolves over time.

II LINKOPING
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Bayesian Filtering Solution

The “normal” Bayesian solution holds:

PUXIN1) = /p(XAXt*l)P(thl\YtA) Sx1—1 (TU)
p(Xi|¥y) = p<“]‘j(2ﬁ({filf)m> "

® p(Y;|X:): Describes how observations are created from a set of targets.
® p(X¢|Xt—1): Describes how targets propagate over time, appear and disappear.

® p(X:|Y;): The posterior tracking solution.

II LINKOPING
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Key Difference: (lack of) expected value of RFS

Limitation
The regular moments, which are heavily used in, e.g., the Kalman
filter, are not well-defined!

Consider:

How are elements with different cardinality combined?

32/60
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Bayesian Filtering Solution: methods

® Conjugate prior distributions and approximations are important.
® Several different approximations of this exist:
m Probability Hypothesis Density (PHD):
Propagate first moment (intensity).
m Cardinalized PHD (C-PHD):
Also propagate the cardinality of the PHD.
m Multi-Bernoulli filters:
Propagates the parameters of a multi-Bernoulli distribution that
approximate the posterior multi-target density.
m Poisson Multi-Bernoulli Mixture (PMBM):
Propagates unobserved targets as a PHD and observed targets as a
MB mixture.

® | abeling: sometimes disregarded in these methods, but can be
added (target id).

33/60
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Probability Hypothesis Density (PHD)

Targets and Measurements

35/60

Definition (Probability Hypothesis Density)
Let X; = {2z, 2/?, .. 2{"}, and define

n

dx(z) = 21:1 0,00 (),
producing a scalar value from an RFS. The
probability hypothesis density (PHD) Dx is

defined as

Dx(z) = Ex(6x(x))

Intuition: Dx () is the intensity of targets.

Figures from: http://randomsets.eps.hw.ac.uk/
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PHD Filter: assumptions

® Motion model PDF: p(zy41]z:)

® Survival probability for existing targets: Ps(xy)

® Spawning of new targets from existing: b®(z¢41|2¢)

® Appearance of new targets: b(z¢+1)

® Probability of detection: Pp(xy)

® False alarm model (Poisson distribution): probability ¢(y)
® Single target likelihood: L(z) = p(y|z)
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PHD Filter: filter recursion (1/2)

Actions can be formulated as a RFS, where the possibilities are:
survival, spawning of existing target, and spontaneous birth.

X1 = [mtgtp(l'ﬂrﬂmt)} U [thEJXt bs(fﬂtﬂ\l’t)} U b(xi11)

Given this, its possible to derive the filter recursion with a time and
measurement updates.
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PHD Filter: filter recursion (2/2)
The PHD filter recursions

Dt+1\z(5€t+1) = /(ps(ft)p(xwﬂft) + 0% (2441 |e) )Dt\t(xz)dﬂﬁt + b(ze41) (TY)
—_— — — ———
Surviving targets Spawned targets Born targets

Dus(n) = (1 — po(ee) Dy (21 pD(xt)p(ytut)bﬂf—l(xt)
o) = {17 po{ee))Day -l ”y; c(y) + [ po(@)p(yle) Doy () da

Detection

(MU)

Undetected

Note

The PHD can be considered the first-order moment density (or intensity) of the RFS
PDF. It is similar to a regular PDF, but integrates to the number of targets instead of 1!
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The GM-PHD Filter

‘The GM-PHD filter uses the following PHD representation

To implement the PHD idea, the inherent exponential

complexity must be handled. One way is to use a Gaussian s Gt v s
. . . . . . . ra(210) = 3 N E ¢+, Q)
sum PHD approximation, with pruning and merging, yielding '
the Gaussian mixture PHD (GM-PHD) filter. S
® Assume pg and pp are state-independent (to simplify
things).

® Assume that by, q¢(2[2’) and byyi(x) are

For details see for instance Vo and Ma (2006) or Hendeby and
Karlsson (2014).
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Efficient Gaussian Sum Implementations GM-PHD Filter: example
lllustration of PHD at time: k£ + 1

® Given a Gaussian sum assumption of the PHD, this boils down to

. 900t 4
more or less a tracking filter where all associations are attempted x10 :

and then merged in each time step. Without considering target 2, . ; 800l

identity. ‘

® Significant computational gains by realizing that many Kalman
gains and covariances are the same.

600 - 1
® The GM-PHD filter requires a non-trivial reduction Gaussian
mixture reduction step to alleviate the exponential growth of s00} i
components. 1000
® The usage of PHD filters peaked in the 2010's, and marked start “0o0f ]
Of the adoption Of RFS methOdS_ 200 500 550 600 650 700 750 800 850 900 950
Note: The expected mean over the intensity function sums to the number of targets.
OPING OPING
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PHD Filter Example: Tracking divers PHD Filter Example
Standard GMPHD filter . .
— Modified GMPHD filter
300 B ) ) ) ) ) ) ) )
® Example of tracking divers - i omf ]
using sonar. or o o 1 ]
® Modified GM-PHD to handle o0 1 ool 1.
5
i -300s: [} N
varying pp, o orse E o E:jsg:s T1, {19145 % E o T, Hfi9tds E
79 —9 13 B > 73, 1651525068 %n > 5’
pp(z) =0.9-410"R*-1.6-10"°R>, . ol I ol 13
& ]
® Fairly high clutter. 200t 1 2 H
0 5 T 2
® For details: ol i ol T3
-100 0 100 200 300 i 400 500 600 700 800 m ~ L L L L L L L L 2
Hendeby and Karlsson (20]_4) e, b b Wm0 e G @ W w wo §
x[m] <
® Probability of detection dies off as a 3"d-degree polynomial, inspired by real data.
II LINKOPING II LINKOPING
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Remarks and Extensions

There exist several approximation/implementation ideas as well as other important issues
for multi-target tracking using PHD:

¢ Birth at a fixed source (can be relaxed).

® No association, but pruning and mixing.

® There exist other PHD implementations, for instance based on the particle filter.
® The cardinalized PHD (CPHD).

® PHD with track labeling.
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Cardinalized Probability Hypothesis Density (CPHD)
® |n the PHD filter, the number of target is obtained by integrating D(:v)
This estimate is known to have a high variance.
® The PHD filter can be seen as a first order moment filter.
® The CPHD filter is the equivalent to second order moment.
® The CPHD explicitly estimates the cardinality jointly with the intensity.
® Motivation: Why use CPHD instead of PHD?
m The assumption of Poisson target cardinality makes the PHD sensitive to
clutter.
m “Spooky action at a distance” (Franken et al., 2009):
Missed measurements shifts the PHD from unrelated areas to detected parts.
I
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(Labeled) Multi-Bernoulli Representation

® Only estimating the PHD is limiting.
® The PPP RFS is fairly uninformative, alternatives are interesting.
® Use a multi-Bernoulli RFS to represent the MTT state:

N
> Iexo(xX9)

Y xO=x ]
represented by: {T(i),p(zz)(x)}i fori=1,...,n.

px(X) =

® Multi-Bernoulli filters represent both targets and the birth process
as multi-Bernoulli RFSs.

¢ Labeled Multi-Bernoulli RFS: Add a to the
state, and the RFS becomes {(r(©, z(9)},c ..

II LINKOPING
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Labeled Multi-Bernoulli: measurement update

Measurement update

N X3 £,
p(Xe|Y1) ~ U¢:1{ E\z )7p§\t '« 26))} ge

tlt—1

(L) _ (T112-1.8) (,, (D)
Tt‘t _Z(It\t—hG)Gf(L() )xOr wHle )(yt )1IW—1(£)

tlt—1

(¢,2) o 1
ptlt (mt) o 7.(8,2’) Z(Im—lﬂ)é]:(ﬁ()

tlt—1

w1y, (Op e y”)

He—1)XO1
tlt—1> i (Teje—1) (4 e
wTtie—1 9)(y( )) o wt\tl—l,; [ng(/§2>]1 o1
= —qt P O " 6) /"
7Hf€££u Meje—1 (1 Ttlt*l)l_[l’e[ﬁt . Ttje— lnY(Z)(e)Hlnelﬁt—l Tt|t 17 (f )

Warning!!!

Assume there are typos in this, look up the equations elsewhere! :)
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Labeled Multi-Bernoulli: time update
Time update
p(Xe1|Yy) = /p(Xt+1|Xt)p(Xt|Yt)5Xt
{4 {4 0 (¢
Xinje = {0 s P s @) Yoee UL 08 (2040)) Yo
where:
. {(rB ,pB (xt+1))}g€3 is the birth process.
® rt+1\t,s = nt,S(g) t|t
) _ [ps(xt, Op(zisa|ze,O)p(xt|l) day
Dy, s(e1) = 7t,5(€)
o 77t5 f) fPs I, ) (xt|€) d:vt
[ R TR
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Observations

® The notations quickly becomes horrific, we would need some
lectures to sort that out properly!
® The labeled Multi-Bernoulli filter is similar to the MHT.
m All potential targets can be handled separately, extra book keeping
for existence probabilities etc.
m The d-generalized labeled multi-Bernoulli (6-GLMB) filter (a LMB
variation), is essentially a TO-MHT.
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Example: ice tracking, Kongsfjorden, Svalbard (1/2)

® Radar facing out over
the fjord.

® Plenty of clutter.

® Fairly low Pp.
Objects splitting and
disappearing.

® | MB for tracking.

20160415 1506

https://youtu.be/GWDIDWECHKY
[ )

lllustration of measurements
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https://youtu.be/GWD9Dw6cHkY
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Example: ice tracking, Kongsfjorden, Svalbard (2/2)

Poisson Multi-Bernoulli Mixture
(PMBM) Filter

Sensor l
Detection ]--»l Gating ]—»I Association STT Track/Hypothesis logic
1 4 1

Y
l Presentation I
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® Radar facing out over
the fjord.
2 ® Plenty of clutter.
B
z ® Fairly low P.
3 ® Objects splitting and
2 . .
F disappearing.
g e | MB for tracking.
a
£
LMB results after 7 hours
II LINKOPING
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Poisson Multi-Bernoulli Mixture (PMBM) Filter

Relatively new, Williams (2015).

® Can be considered the new state-of-the-art MTT method. (This
can be debated, there are still new MHT development going on.)

® Has one description of unknown and unobserved targets.
® Has one description of observed targets.

The PMBM is a conjugate prior, hence suitable as a recursive
filter, though grows over time and has to be reduced.

LINKOPING
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PMBM: unobserved targets

® Maintain a representation of I |
unobserved targets.
e “P" in PMBM is a Poisson point [ / y

process for unobserved targets.

® Often handled as a Gaussian mixture
PHD, much similar to a GM-PHD filter
but detections are handled in the MBM

/
part, and removed from the PHD. > 4+ 4
® Alternatives to GM-PHD exists, e.g., h

Bostrom-Rost et al. (2021).

https://youtu.be/e0ebz08vgTo

55 /60

LINKOPING
II.“ UNIVERSITY



https://youtu.be/eCdWSMrKrT8
https://youtu.be/e0ebz08vgTo
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PMBM: observed targets

® QObserved targets are extracted from
the unobserved PPP and handled
separately.

e “MBM" in P is a multi-Bernoulli
mixture for observed targets.

® Basically a d-generalized LMB
(6-GLMB)filter, which is a type of
LMB with preferable properties.

® Can be efficiently implemented using a
TO-MHT.

Dec 16, 2025
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https://youtu.be/HX4-yC2kDB4
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PMBM Algorithm

® Conceptually:
m Predict a PHD filter to keep track of unobserved targets.
m Run a TO-MHT too keep track of observed targets.
m When an unobserved target is observed, remove it from PHD filter,
and insert into the MHT.
Weights are update to make this correct.
m Reduce the MBM part by pruning, merging, and recycling
(reintroduce pruned tracks in the PHD representation).

® For details see, e.g., Williams (2015); Garcia-Ferndndez et al.

57 /60

Summary
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Summary
"—{ Sensor )
[Detection }1-[_Gating }~(Association |- _STT _Jj-(Track/Hypothesis Ingic]-l
T LY LY
Jo Random Finite Sets [ Presentaton ]
. /=04 ® Can model the full multi-target tracking
problem.
' ¢ Random finite sets (RFSs) are sets of random
. . L
e 00 variables of random cardinality.
. ) ® RFS examples:

m Poisson point process (PPP)
m Bernoulli random finite set
m Multi-Bernoulli random finite set

Counts per frame (N = 200) vs theory

Empirical
Theoretical PMF

® Methods (will be discussed next time):
PHD filter, C-PHD filter,

Multi-Bernoulli filters, PMBM filter, . ...

Probability

0 1 2 3
Count per frame
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Examination

¢ Examination (how many intend to get credits?):
m Ethics session, required for all credits:
Seminar/Workshop at Lecture 9, January 26, 2026, 13-15. Expect more information
and instructions early January.
m Exam, 2 ETCS credits:
Take home exam, 2h exam. Tests the understanding of the principles discussed in the
course.

Due: End of January, 2026, (contact me to schedule the exam).
m Exercises, 4 ETCS credits:
Show hands on experience of important discussed methods.
Due: January 15, 2026
m Project, 3ETCS credits:

More advanced utilization of MTT techniques, preferably related to your research.
Discuss details with me.
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