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Summary: lecture 3

"—{ Sensor ]
[Detection |- Gating }-{Association|{ sTT _Jj-{Track/Hypothesis Iogic]—l
T T T
. to improve complexity in presence of clutter [ P — ]

m Rectangular: cheap but crude
m Ellipsoidal: more correct
. determines if there is an object present of not
m State-machine for confirming target, based on gated measurements
m Score based logic, based on a hypothesis test
¢ Different strategies exist (so far for )
m Nearest neighbor (NN) association
A hard decision to use the ‘“closest” measurement.

m Probabilistic data association (PDA)
A soft decision where all measurements in the gate are combined.
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References on Multiple Target Tracking Topics

® D. Bertsekas. URL http://www.mit.edu/~dimitrib/Auction_Encycl.pdf
(Auction algorithm)

® B.-N. Vo, M. Mallick, Y. Bar-Shalom, S. Coraluppi, R. Osborne, Ill, R. Mahler, and B.-T. Vo.
Wiley Encyclopedia of Electrical and Electronics Engineering, 2015.

(MTT,
GNN)

® Y. Bar-Shalom, F. Daum, and J. Huang. IEEE Control
Systems Magazine, 29(6):82-100, Nov. 2009. (PDA/JPDA)
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Association: a multi target tracking perspective

Definition: association

Association is the process of assigning measurements to existing
tracks or existing tracks to measurements (measurement-to-track
association vs. track-to-measurement association).

® In the classical air traffic control (ATC) application, there are
hundreds of targets and measurements.

® The number of possible combinations of measurements and
targets grows combinatorally.

e Not all associations are likely or even feasible.
® Very unlikely combinations should be removed as soon possible!

5/44
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Association Hypothesis

Definition: association hypothesis

An (association) hypothesis is a partitioning of a set of measurements according to the
their origin; individual existing targets, clutter/false detections, and new targets.

¢ A single hypothesis tracker (SHT) maintains a single hypothesis about all of the
measurements received over time.
m The global nearest neighbor (GNN) algorithm does this by selecting the best
hypothesis according to a criterion.
m The joint probabilistic data association (JPDA) filter combines all possible current
hypotheses into a single hypotesis.

¢ A multiple hypothesis tracker (MHT), maintains multiple hypotheses about the
origin of the received measurements.
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Multi-Target Associaion: example

Using STT for each target, results in locally
optimal solutions, which might be infeasible.

Consider the association hypothesis: T(1) - y(®),
T®  yW, TG 5 4O) which picks the best
measurement for each target, but violates the
assumption that a measurement originates from a
single target.

In MTT the complete association hypothesis is
considered, to obtain a global optimum and
avoid infeasible solutions.

G. Hendeby October 16, 2025 7/ 44

Example with three targets, TV ... T(®),
and seven measurements y(1) ... y(7).

Track logic and gating will be utilized to simplify the MTT process.
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Single Hypothesis Tracking

Principal steps:

Y:
1. Gating |
Gating is performed, yielding a validation matrix V indicating with

measurements should be considered for each track.

2. Clustering
Tracks that do not share potential measurements are separated, yielding many

Confirmed tracks
smaller problems. o
.. . . — Association
3. Association and updating of confirmed tracks — Track update
Associate measurements to confirmed tracks and update the tracks. From
now on, do not consider any measurements that has been gated with a Tentative tracks
confirmed track. — Association
. . . — Track updat
4. Association and updating of tentative tracks e upee

Update the procedure with the remaining measurements and the tentative —

5. Initiate new tentative tracks

L . {T;
Use remaining measurements to start tentative tracks. 7
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Gating and Validation Matrix

® Perform gating between all measurements and targets (using suitable gating
strategy).

® (Create the validation matrix V), where each element indicate if the measurement
and track are compatible or not.

® The validation matrix is used to create the assignment hypothesis.

T 7@ 7®)
yO | 0 1 0
y@ | 0 0 0
y® | 0 0 1
y@ | 0 1 0
y®) 1 0 1
y© | 0 0 0
y( 1 0 0

- Validation matrix, V

Example of gating and resulting validation matrix
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Assignment: notation

Measurement origins

If we consider measurements in a scan and existing tracks:
TC Track Continuation: a measurement will update a track
FA False Alarm: a measurement is considered as nuisance
NT New Track: a measurement can start a new track

It is reasonable to assume that a measurement can only be used for one of the above.
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Possible Association Hypotheses

Ex: consider the case where ygl) is associated to

T2,

O 70)
I
y® + {FA, NT}
O 76) {FA, NT}
I |
y@ {FA, NT} {FA, NT}
PN [
FONE T {FA, NT} Tm/ T {FA, NT} | 7 7™ 7@
[ \ [ [ \ y @ 0 1 0
y© L {FA NT} {FA, NT} {FA, NT} {FA, NT} {FA, NT} o) o o o
/\ RN /\ RN e Y3
y» + FA NT 70 FA NT FA NT 7 FA NT 7O FA NT v 0 0 L
y@®) 0 1 0
. . y25; 1 0 1
6 0 0 0
To complete: repeat for yf ) = FA and yt( ) = NT, v |1 o 0

and {FA, NT} indicates that FA and NT yields

identical subtrees Validation matrix, V
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Association Hypothesis: example
Define the association hypothesis 6; as a mapping

Gt() : {1, 2,... ,mt} — {FA, 1,2,...,ny, NT}
® my is the number of measurements in (scan) Y;, ie., Y = {yt(l), e ,yt(mt)}

® 1, is the number of tracks when entering the frame.

Example: hypotheses when m; =7, n; =3

y<1) y(l) y<1) R | 7T 7@ G
y®@ (1) y@ (1) el (1) G@ y© e 0 1 0
JONNTO  ONSTO O 7@ v@ | 0 o o
y@ @ @ @ @ 3) yﬁz; 0 0 1
5) FA 5) FA 5) FA Yy 0 1 0
¢ NT Y NT Y NT y® | 1 0 1
ol 4© © | o o o
y® Y@ y® | 1 o o
Validation matrix, V
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Clustering

e Computational complexity scales exponentially the with number of measurements
and targets.

® Tracks that do not share any measurements can be treated separately, to reduce the

complexity.
e Clusters in the example: C() = {71 TG}

T TO T3
y@O 10 1 0
y@ o 0 0
y® |0 0 1
y@® |0 1 0
y®) 1 0 1
y© |0 0 0
(M 11 0 0
Validation matrix, V
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Clustering

e Computational complexity scales exponentially the with number of measurements
and targets.

® Tracks that do not share any measurements can be treated separately, to reduce the
complexity.

e Clusters in the example: ¢ = {7() 7B

Validation matrix, V(1) Validation matrix, V(2

y@ and y© do not fit any gate and can only be FA or NT.
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Association Hypotheses: revisited using clustering

§® + 76) {FA, NT}
VRN [
c. 4o 4 1 {FA, NT} (1) — 76 {FA, NT}
/\ / I\ /\ /1IN VAR

4y <+ FA NT 71 FA NT FA NT 7MW FA NT 7(7B) FA NT

FOpEE T {FA, NT}
c?:. SN |
y 4 FA NT 7 FA NT
(3)
Yy
e «J» {FA, NT} y®)
y(7

O] % {FA, NT}
Validation matrix,
py1) Validation matrix,
y(2)

The selections in the respective clusters can be made independently!
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Hypothesis Probabilities: track continuation

Track Continuation (TC)

® Detection probability: F;
® Gate probability: Py

® Predicted measurement density of jth target: pgf;)_l(y).

In the KF case: " » "
Prin1 () = N Gy Sy )
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Hypothesis Probabilities: false alarm

False alarm (FA)

® Number of false alarms, m;*, in V' is distributed as:

(/BFAV)m};Ae_ﬂFAV

FA
myA!

PFA(thA) =

® False alarm spatial density is ppa(y) = 1/V

II LINKOPING
() UNIVERSITY



Target Tracking Le 4: Multi-Target Tracking: single-hypothesis tracking G. Hendeby October 16, 2025 17 /44

Hypothesis Probabilities: new track

New Target (NT)

® Number of new targets, my" is distributed as

/BNT V)m;” e—BNTV

NT|
my !

Pur(my™) = (

® New target spatial density is pyr(y) = 1/V
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Hypothesis Probabilities: FA and NT
Let 7™ be the set of false alarms (with m;* elements), then

Pr(J™are the FA) = m*! Py (m H Dra yt
eJgm

The FA are unordered, hence m;*! compensates for all the FA association possibilities.

Insert Poisson distributed clutter uniformly in the tracking volume:

FA

FA (ﬁFA)mgAe_BI‘AVt X (BFA)mt

BFA% 1
Pr(J"™are the FA) = FA,(ﬁth) t'e

18 /44

II LINKOPING
o UNIVERSITY



Target Tracking Le 4: Multi-Target Tracking: single-hypothesis tracking G. Hendeby October 16, 2025

Hypothesis Probabilities: FA and NT
Let 7™ be the set of false alarms (with m;* elements), then

Pr(J™are the FA) = m*! Py (m H Dra yt
eJgm

The FA are unordered, hence m;*! compensates for all the FA association possibilities.

Insert Poisson distributed clutter uniformly in the tracking volume:

) & e BV 1 FA FA
EA'(KgFA Vi . N me
my*! Vtm? (Pra) (Bra)

Pr(J"™are the FA) =

The NT case follows analogously.

18 /44
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Hypothesis Probabilities: putting it all together (1/2)

Consider association hypotesis 6; in measurement scan Y;.

POY:) o< (B:a)™ ()™ [ [T PPy, (" )| [TL 1 = PoPo)]

JjeT jeJ

where

® 7 is the set of indices of detected tracks (assigned).

e 7 is the set of indices of non-detected tracks (not assigned).

. Hfl(j) is the index of the measurement that is assigned to track j € J.
(6;1(5) = 0 is shorthand for no measurement associated with track j.)

® All but the last factors are associated with a measurement.

19 /44
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Hypothesis Probabilities: putting it all together (2/2)
The association can be simplified, such that it computed as a combination of individual
measurement contributions:

POY;) o (B)™ (Be)™ [ TT PoPerf) (" )| [TT 0 = PoPo)]

JjeT jeET

)
A PDP(p(J) (y e )
= BFA’t NT H i [ H (1 - PDPG):|
jeJ T jed
. 0;1 .
_ ﬁmlfA ’ITL;” 'H PDPGpgft)_l(yt (])) T (1 _ P P )
= Pra PnT (1_PDPG) ] pla

jET

my

s 5 PoPepf)_ (vl )
- 1- PPy

jeT

II LINKOPING
o UNIVERSITY



Target Tracking Le 4: Multi-Target Tracking: single-hypothesis tracking G. Hendeby October 16, 2025 21 /44

Hypothesis Probabilities: final logarithmic expression

Global logarithmic association proabiblity

. 0_1 .
PDPGp)Eft)—l (yt( t (J)))

(1-PBPy)

log P(6,]Y;) = m;* log Bea + m; " log Bur + Z log
jeT

Properties:
® One term per measurement

® The best association hence boils down to picking the right contribution from each
measurement, in a consistent way
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Assignment Matrix

The assignment matrix organizes the possible measurement contributions to log p(6;|Y)
in an efficient way.

‘T(l) 73 FA® FA®) FA(M NT® NT® NTD
Yy l33 logﬁm logﬁm'

>,
y§5) ls1 Us3 log Bra log Bxr
?J§7> b1 log Bra log Byr

Association matrix, A

® The gain from assigning measurement y(? to track TU) is

‘ 71  7(3)
. . y(3) 0 1
’ 1 PDPGPEft)_l(yzgz)) yz5; 1 1
7 — 10 . 7
1] g (1 _ PDPG) Yy 1 0

Validation matrix, V()

II LINKOPING
o UNIVERSITY



Target Tracking Le 4: Multi-Target Tracking: single-hypothesis tracking G. Hendeby October 16, 2025

Assignment Problem

Assume a scan with m measurements and n “track hypotheses” (TC, FA, NT).
® Given the matrix A € R™*™ with n > m.
e Define the binary matrix Z = [z;], with z;; € {0,1}.

Problem definition
maximize: Z” i Asj
bject to: =1 Vi
subject to Zj 2 i (1)
D, as1 Vi (1)

1 Each measurement is associated with exactly one track/FA/NT.

I Each track/FA/NT is associated with at most one measurement.

This problem is called as assignment problem in optimization literature.

23 /44
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Assignment Problem: algorithms

® First considered in economics.
® For smaller problems an exhaustive search is possible, but this is inefficient.

® Earlier methods used linear programming techniques, like the Hungarian method
which is computationally costly.
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Assignment Problem: famous solutions

. algorithm obtains an optimal solution to the GNN assignment problem. An
optimal solution minimizes the total cost of the assignments.

o algorithm (by Bertsekas) finds a suboptimal solution to the GNN
assignment problem by minimizing the total cost of assignment. While suboptimal,
the auction algorithm is faster than the Munkres algorithm for large GNN
assignment problems, for example, when there are more than 50 rows and columns
in the cost matrix.

. algorithm (by Jonker and Volgenant) solves the GNN assignment in two phases:
begin with the auction algorithm and end with the Dijkstra shortest path algorithm.
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Global Nearest Neighbor (GNN)

In each scan:
® Select the best association hypothesis, 6;.

® Given 6;:
m Update all tracks with the associated measurement (usually using an EKF).
m Update the track logic.

® |nitiate new tracks from NT measurements.

Note on NT and FA handling
In the above steps, NT or FA does not matter, until the last step where anyhow all
unassociated measurements should be given the chance to start up a new track.

Introduce external sources (EX) combining FA and NT. EX becomes Poisson
distributed with Bgx = Bra + Bur-
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Global Nearest Neighbor (GNN): implementation details

Y
® Apply gating and clustering to minimize the computational

Confirmed tracks .
— Association compIeX|ty.
_ Track update ® Use the EX trick to simplify the assignment problem further.
Tentative tracks ® Combine the tracking filter and target logic in one structure.
— Association . . .
— Track update ® Have separate containers for confirmed and tentative tracks.

Track initiation

{10},
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MTT: GNN CV-model

Tracker: GNN. Model: CV

“18 T8 TH

Y(km)

® Detections
[ Tracks
(history)

X(km)

https://youtu.be/WPA2z-kwiug

October 16, 2025 29 /44

® Global nearest neighbor
(GNN) tracker

® Simple constant velocity
(CV) model

® Note the label switch and
that one of the tracks is
lost half way, and
restarted as a new one.
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MTT: GNN CV-model

Tracker: GNN. Model: CV

“18 T8 TH

Y(km)

® Detections
[ Tracks
(history)

X(km)

https://youtu.be/WPA2z-kwiug

October 16, 2025 29 /44

® Global nearest neighbor
(GNN) tracker

® Simple constant velocity
(CV) model

® Note the label switch and
that one of the tracks is
lost half way, and
restarted as a new one.
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Global Nearest Neighbor: properties

Makes a hard association decision:

+ Optimal when the correct association is made.
— Could break down completely with the wrong association.

Works well when targets are well separated!

Should not be used with poorly separated targets.

Heavy clutter and low P, could cause problems.

Relatively fast and easy to implement.

Works directly with the track logic discussed earlier.

30/ 44

II LINKOPING
o UNIVERSITY



JPDA

II LINKOPING
o UNIVERSITY



Target Tracking Le 4: Multi-Target Tracking: single-hypothesis tracking G. Hendeby October 16, 2025 32/44

Joint Probabilistic Data Association (JPDA) Filter

JPDA is the soft decision equivalent of GNN in the way that PDA
is a soft version of NN.

All past is summarized with a single merged hypothesis.

The number of targets is assumed fixed in the association, hence
no NT associations in the possible hypotheses.

A separate track initiation logic must run along with JPDAF to
detect and initiate new tracks.
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Joint Probabilistic Data Association (JPDA) Filter: details

® All measurement associations are combined weighted with their
likelihood of being true.
® For each previously established target, we need to calculate:
L] P(@‘ (j) = i): Track T} is associated with measurement y().
m P(671(j) = 0): shorthand for no measurement is associated with
T;.
® For measurement y( D in the gate, the update is then made using
the PDA update formulas with slightly modified probabilities to
account for global association consistency.

33 /44
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Joint Probabilistic Data Association: probabilities (1/2)

Enumerate all possible measurement hypotheses and compute their respective likelihood.

This can be done for each cluster independently.

OO B

71) — FA
T®)
. ()

FA\FA

71 — FA

Il 1(1)
e

71O
FA=—Tra

L ezj = Pnpift),l(ygl))

¢ 0;=1-PRyP;

D319 X 33051 Bpa

P3p1 ¢ 338 l71
P3pp X L3380 BealV)

Pp10 X Bealsr feal®

Dozt < Bralszlny
Pp3p X Semfaﬁﬂn\[(l)

Popr X JSFAﬁrA(?l{(:;) N
Poop X BeaBerBea (D 1)

7L 7B) FAG) FAG) FAM

Yy £33 log Bra

Yy l51 L53 log Bea

Yy 1241 log Bra
Association matrix, A
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Joint Probabilistic Data Association: probabilities

G. Hendeby

October 16, 2025 35/44

(2/2)

Rearrange the hypotheses to be able to compute the probability for each separate track.

71 73
S
) — y® P31p X /)1533 3n
0
(3)
Yy
0 == y©®
T 0 Pop1 X ﬁﬂ%du
3) 3 0103353
Yy P3pp o< £1£335ka
D=y o TalsyBe
\J Posp £ 2
0 ponn o< £10385,

o ti; = PoPopll)_ (uf")
® l;=1-PRPF;

Pr(f~1(1
Pr(01(1
Pr(f~1(1

)
)
)

5) = %(Psw) +Ppo10)
7) = & (p3p1 + Pos1 + Poor)
0) = & (p3os + Pozo + Poos)

c=>p
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Joint Probabilistic Data Association: probabilities (2/2)

Rearrange the hypotheses to be able to compute the probability for each separate track.

_1 1
Pr(07 (1) = 5) = &(ps1g + Po10)
y® 319 o L51€33P, _
5 — Y P310 X £51633 0rn 1 _ 1
= porg < L1032, Pr(07 (1) =7) = C (p3®1 + P31 JFP@(M)
—1 1
y® P31 o L1733 Bea Pr(6~ (1) =0) = 6(123(0(0 + posg + P(DM))
y® y® Poz1 < L17€538es
7232 o
! P o frofall Pr(0~'(3) = 3) = & (p310 + P3o1 + Pagp)
@) 210330
Y P3po o< £1 FA 1 1
V]<y(5) Poso o L1653 5en Pr(6=1(3) = 5) = & (pps1 + Poso)
0 %N _
waw(“ b Pr(071(3) = 0) = & (Po10 + Poor + Pooo)
® b= PDPGPtTt)_l(yt( >)
C=)> pi

¢ 0;=1-PyPq

S.M
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Joint Probabilistic Data Association: details

Yy

|

® For each cluster, calculate probabilities for each target in

Confirmed tracks the cluster by using a hypothesis tree.

— Association

— Track update ® Use the targets PDA equivalent measurement for the

update (see lecture 3).
Tentative tracks
— Association

— Track update

Track initiation

{10},

® Unused measurements are used to initiate new tracks.

® Promote track status according to standard track logic.
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MTT: JPDA CV-model

Tracker: JPDA. Model: CV

-17000 @® Detections
17500 [J Tracks
; (history) ® Joint probabilistic data
-18000 J 11 association (JPDA)
-18500 tracker
3 . .
£ 15000 % ® Simple constant velocity
5
-19500 % (CV) model
/M
-20000 iv ® Note that the label
20500 2 switch, but there are no
2
21000 2 lost tracks.
-2000 -1000 0 1000 2000 >
X(km) a
=
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MTT: JPDA CV-model

Tracker: JPDA. Model: CV

-17000 @® Detections
17500 [J Tracks
; (history) ® Joint probabilistic data
-18000 J 11 association (JPDA)
-18500 tracker
3 . .
£ 15000 % ® Simple constant velocity
5
-19500 % (CV) model
/M
-20000 iv ® Note that the label
20500 2 switch, but there are no
2
21000 2 lost tracks.
-2000 -1000 0 1000 2000 >
X(km) a
=
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Joint Probabilistic Data Association: properties

Makes no hard association decision:

4+ More robust in heavily cluttered environments with low P;.
— Sub-optimal compared to using the correct associations.

Works well when targets are well separated!

Closely separated targets suffer from coalescence, i.e, neighboring
tracks become identical.

More complicated and more computationally complex than GNN.

Consideration required when implementing the track logic.
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"—( Sensor ]
{Detection |- Gating |-{Association|{ sTT _J}-(Track/Hypothesis Iugicl-l
T T T
(

Summary

i3

Presentation ]

® Extended previous methods to several targets.

® Methods for gating, clustering, and association were presented,
yielding the validation and association matrix.

® SHT: One measurement association hypothesis is used

m GNN: A hard decision; choose the most likely association
hypothesis.
The association problem can be solved with many of-the-shelf
algorithms, e.g., auction, after constructing the association (cost)
matrix.

m JPDA: A soft decision; marginalize all possible associations.
How to combine the possible measurements depends on the association
matrix.
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Target Tracking Le 4: Multi-Target Tracking: single-hypothesis tracking

Lecture Schedule (preliminary)

G. Hendeby

October 16, 2025

Le Topic Date Ex
1 Introduction Sept 16  15-16
1b Preliminaries Sept 16  16-17
2 Models for Target tracking Sept 19 13-15
3 Single target tracking Sept 25 15-17 Ex1
4 Multi-target tracking (1/2): GNN, JPDA Oct16  13-15 Ex2
5 Multi-target tracking (2/2): MHT Oct 30 10-12 Ex3
6 Random Finite Sets: PHD, etc Nov 14 13-15
7 Random Finite Sets: PHD, etc part 2 Nov 27 15-17
8 Various topics (TkBD, T2T, ETT) Fall
9 Ethical aspects Fall

Guest lecture Fall

® | ectures are in
® Exercises are due at the end of the course.
(Doing them as the course progresses is

, unless otherwise stated.

recommended!)

® Dates are preliminary, check homepage and e-mail for updates.
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Target Tracking Le 4: Multi-Target Tracking: single-hypothesis tracking

Exercise 2

G. Hendeby October 16, 2025

1. Simulate a more complicated scenario, with several targets:

2000

1800 -
1600
1400 + 6
1200 +

TI
1000 & J<
800 [ T

600 | &
400 \(
200 -
0 Radar
(; 5(;0 1060 1560 20‘00

2500

® Simulate trajectory

® Generate measurement:
m P
L INEN
m clutter

® Details specificed in the exercise
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Target Tracking Le 4: Multi-Target Tracking: single-hypothesis tracking G. Hendeby

Exercise 2
2. MTT: GNN and JPDA

® In the exercise a detailed step-by-step instruction is given on how
to build a MTT for GNN/JPDA.

® Apply the measurements to a GNN-tracker (a MATLAB version of
the auction algorithm is given)

® Apply the measurements to a JPDA-tracker (MATLAB code to
compute the measurement to track probabilities is available)

3. MTT: mysterious data

® At the end a mysterious data set is given without ground truth.
Apply your GNN and JPDA implementations to extract the
targets.
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